Background: Testing dependence/correlation of two variables is one of the fundamental tasks in statistics. In this work, we proposed a new way of testing nonlinear dependence between two continuous variables (X and Y).
Background
Dependence is defined as any statistical relationship between two random variables or sets of data, while correlation describes any of a broad class of statistical relationships, including dependence. In practice, correlation may be useful for indicating a predictive relationship of interest and several methods exist that measure the degree of correlation. The Pearson correlation coefficient is the most commonly used correlation method; however, it is only sensitive to linear correlations, while several other methods tend to be more robust for non-linear correlations [1] [2] [3] .
The Pearson correlation coefficient (or Pearson's r), ranging from −1 to 1, was developed by Karl Pearson and was founded on Francis Galton's related idea [4] [5] [6] [7] [8] . Pearson correlation coefficient is defined as the covariance of two variables divided by the product of their standard deviations. Despite the wide use of the Pearson correlation coefficient, there are several negative effects associated with its use, including a non-robust Pearson's r sample statistic [9] , and potentially misleading values in the presence of outliers [10, 11] . The alternative hypothesis for the Pearson correlation test is the linear correlation between two variables X and Y.
The two most common non-linear rank based correlation coefficients are Spearman's rank correlation coefficient and Kendall's rank correlation coefficient. Spearman's rank correlation coefficient (or Spearman's rho), is a nonparametric measure of statistical dependence between two variables. It is defined as the Pearson correlation coefficient between the ranked variables [12] . The Kendall rank correlation coefficient (or Kendall's tau coefficient) is used to test the association between two measured quantities [13] . The test is non-parametric, since it does not rely on any assumptions on the distribution of X or Y or (X, Y). The alternative hypothesis for both the Spearman's correlation test and the Kendall rank correlation test states that the correlation between two variables X and Y corresponds to a monotonic function.
Several other commonly used methods measuring the correlation between random variables include distance correlation, Hoeffding's independence test, Maximal information coefficient (MIC), HilbertSchmidt Information Criterion (HSCI) and Heller Heller Gorfine distance (HHG). The distance correlation is a measure of statistical dependence between two arbitrary variables or random vectors. Distance correlation was introduced by Gabor J Szekely in 2005 to address the deficiency of Pearson's r (Pearson's r can be equal to zero for dependent variables) and the initial results on distance correlation were published in 2007 and 2009 [14, 15] . The distance correlation is zero if and only if the random variables are statistically independent. A distance correlation of one implies that the dimensions of the linear spaces spanned by X and Y are almost equal, and Y is a linear function of X. Hoeffding's independence test (named after Wassily Hoeffding) is a test based on the population measure of deviation from independence. A sample-based version of this measure (as a test statistic) was described with a calculation under the null distribution in 2008 [16] . If the continuous joint distribution and marginal probability densities of two random variables exist, then the Hoeffding's independence test will be efficient. MIC is a measure of the degree of linear or nonlinear association between two random variables, X and Y. This method is nonparametric and based on maximal information theory [17] . MIC uses binning to apply mutual information to continuous random variables. Binning has been used for applying mutual information to continuous distributions, while MIC is a method for selecting the number of bins and finding a maximum over possible grids. Despite the merits of MIC, there are some limitations of this method as identified by the authors in a later study, specifically that the approximation algorithms with better time-accuracy tradeoffs should be used in computing MIC [18] . The hypothesis of MIC contains a wide range of associations. HSIC (proposed by Gretton et al.) was an independence criterion based on the eigen-spectrum of covariance operators in reproducing kernel Hilbert spaces (RKHSs), consisting of an empirical estimate of the HilbertSchmidt Independence Criterion [19] . HHG (proposed by Heller et al.) is a powerful test that is applicable to all dimensions, consistent against all alternatives, and easy to implement [20] .
In this work, we focus on the alternative hypothesis that "similar X values lead to similar Y values", or formally, Y = f(x) + e, e~N(0, s), s > 0, and f is a nonconstant smooth function. We propose a novel nonlinear correlation measure method: Continuous Analysis of Variance Test (CANOVA). The idea roots in the traditional Analysis of Variance (ANOVA) of continuous response with a categorical factor [21] . ANOVA tests whether the variance within/between categories is smaller/greater than random expectation. For continuous response with continuous factors, we need a generalization of the "within category variance" in ANOVA. In CANOVA, we first define a neighborhood of each data point according to its X value, and then calculate the variance of the Y value within the neighborhood. Finally, we perform a permutation test for the significance of the observed "within neighborhood variance". We first compare the performance of our CANOVA with six other methods in a simulated dataset. Then we analyze the false positive rate [22] and the statistical power [23] of CANOVA and that of the six other methods on both simulated and real datasets (RNA-seq data on kidney cancer [24, 25] ).
Methods
Given two random variables X and Y, we denote X i and Y i for the ith observation. We define the within neighborhood sum square statistics as:
where K is an integer constant provided by the user. Note that |rank(X i ) − rank(X j )| < K defines the neighborhood structure of the dataset. The hypothesis of CANOVA is that "similar/neighbor X values lead to similar Y values". Thus when X and Y are correlated, the W statistics tends to be smaller than random expectation. To evaluate the significance of observed W, we perform a permutation test [26] . When X has equal values (tie), we randomly shuffle the rank of tied X values in each permutation. In a tie situation, for example, with the data: X = 1, 1, 2, 3; Y = 2, 1, 7, 4. Since X has two ones, the sorting of data points is not unique. The algorithm randomly chooses one of the following sorting patterns: X = 1, 1, 2, 3; Y = 2, 1, 7, 4. or X = 1, 1, 2, 3; Y = 1, 2, 7, 4. This algorithm is now implemented by the CANOVA software in Linux system (which is available at https://sourceforge.net/ projects/canova/). The CANOVA algorithm (pseudocode) is summarized as follows:
While calculating W, we take advantage of the fact that X i is sorted. Therefore, the algorithm complexity is O(nlogn + np), where n is the sample size and p is the number of permutations. While testing many X variables against one Y variable, we need to do only one permutation of Y and we can reuse the permutation results for all X variables.
Simulation study
We simulated nine simple functions and added the Gaussian noise (mean = 0, variance = 1) to the Y value for each of them, as shown in Table 1 . These included constant functions (i.e. a linear function of the form y = b, where b is a constant, and b = 0 in Table 1 accordingly), linear functions, quadratic functions, sine functions and cosine functions. We varied the Gaussian noise levels (mean = 0, variance = 1/9, 1/4, 4 and 9) in our simulations and reported the power across noise levels (shown in Additional file 1). We benchmarked six methods including the Pearson correlation coefficient, the Spearman's rank correlation coefficient, the Kendall's rank correlation coefficient, the Distance correlation, the Hoeffding's independence test and the Maximal information coefficient. The simulation was repeated 1000 times to calculate the false positive rate and the statistical power. We chose 50 as the sample size (N = 50), x as the independent variable which was uniformly distributed in (−1, 1) and y as the dependent variable. As K is the only parameter of our CANOVA, we assign its value from the positive integer collection (K = 2, 4, 8, 12). Notably, MIC also has a bias/variance parameter ('alpha' parameter in the minerva implementation): the maximal allowed resolution of any grid [17] . Reshef et al. [18] also found that the different parameter setting (α = 0.55, c = 5) is faster (than default) and does not appear to significantly affect the performance. For simplicity, here we just used the default parameters (α = 0.6, c = 15) of MIC.
Applications on real dataset
We applied our proposed CANOVA method to a RNA-seq kidney cancer dataset, and compared the results generated by the other six methods. The kidney cancer data set consists of 604 samples and 20,531 genes [24, 25] . We tested the correlation between genotype data X (20,531 geneexpression data) and phenotype data Y (kidney cancer or not). The computing time of each method was documented for comparison. The significance is preset as 2.435342e-06 (Bonferroni correction). We used an X-Y plot and a grid search (Such as K = (10, 20, 30, 40, 50) ) to choose the best K (K = 30) for CANOVA by their corresponding statistical The bold means the first place result of all methods compared power). For simplicity, the other methods were used the default parameters (especially for MIC, α = 0.6, c = 15). The results and comparisons are shown in Table 2 .
Results
Results from simulation study
As indicated in Table 1 , when the constant function (y = 0) was used, we compared the false positive rate of different methods with alpha = 0.05 (significance level Table 1 , we observed the following: (1) when the correlation is linear, the Pearson correlation coefficient is the most powerful. The CANOVA test is less powerful than the Pearson correlation coefficient, but does not fail (power >0.5); (2) In non-linear correlation case, the CANOVA tests are the best, especially when the correlation is highly oscillating/non-linear; (3) The power CA-NOVA4 is the best single non-linear test, and it is more powerful than MIC with sine and cosine functions.
For our power comparison on the non-constant correlations shown in Additional file 1, we have the following results: (1) when the Gaussian noise levels were low (Gaussian variance = 1/9, 1/4), most methods had higher power especially in simple linear relationships, and the CANOVA (CANOVA2 and CANOVA4) are still among the best methods with the highest power in most nonconstant functions; (2) when the Gaussian noise levels were high (Gaussian variance = 4, 9), most methods had lower power while the CANOVA4 had higher power than other methods in complex sine/cosine functions. Nevertheless, the Pearson correlation coefficient and Hoeffding's independence test presented higher power in simple linear relationship functions. Therefore, when the correlation between two random variables is linear, we recommend using the Pearson correlation coefficient for greater statistical power. When the correlation is nonlinear or complicated, CANOVA with suitable parameter K is a good choice to explore the correlation structure of the data.
Results from the Kidney Cancer Study
The power comparison and computing time for kidney cancer dataset [24, 25] is shown in Table 2 . For the purpose of computing time comparison, the number of permutations of CANOVA is set as 10,000,000 (Table 2) . We provided in Table 3 the genes only detected by the CANOVA method (that is not detected by other methods, the number of permutations of CANOVA is 100,000,000 in Table 3 ). For comparison, we also listed the genes only detected by other methods in Additional file 2. To further explore the relationships identified only by CANOVA, the Scatterplot and probability density distribution of gene expressions between case and controls are shown in Fig. 1 . All of our CANOVA results were realized in the C++ [27] environment and the benchmarked six methods were calculated by R package 'energy' [28] , 'Hmisc' [29] and 'minerva' [30] . All CANOVA results were parallelly (fully using all 8 CPU cores) calculated using a desktop PC, equipped with an AMD FX-8320 CPU and 32GB memory. Additionally all of the R code was parallelly computed by the R package 'snow' [31] .
Using the kidney cancer RNA-seq data, we indicated in Table 2 that the Spearman method detected the greatest number of significant genes (α = 0.05/20,531), and CANOVA was the fastest method using a desktop PC (equipped with an AMD FX-8320 CPU and 32GB memory). To further explore the biological relevance of the detected genes and to compare the features of each method, we use the uniquely "significant" genes detected from each method as the target gene set, and then performed a literature review for validation of each gene. The uniquely significant genes detected only by CANOVA and the corresponding p-value of all methods are shown in Table 3 , and the genes reported in pubmed (simply indicating that there is an abstract in pubmed concerning a relationship with kidney cancer and the gene) are shown in bold italics. Similarly, the uniquely significant genes of other methods are shown in Additional file 2.
From the unique set of genes detected by CANOVA (Table 3 ), a few were reported to be relevant to kidney cancer/disease: FAH, MCM3 and UGT1A9. A defect in FAH results in the accumulation of FAA that can lead The bold means the first place result of all methods compared "~" means about or approximately to oxidative stress and severe liver and kidney disease [32, 33] . The MCM3 gene was found to be overexpressed in various human cancers, including kidney cancer [34] . The UGT1A9 gene was identified as a major contributor for glucuronidation in the human liver and kidney [35] . From Fig. 1 (MCM3 and FAH) , it can be seen that if the normal group distribution is bimodal, and the expression level is mild; an individual is more likely to have kidney cancer. For FAH (Fig. 1) , the mean kidney cancer distribution approaches the normal group distribution, which indicates that the linear relationship is almost zero (Pearson R's p-value is about 0.5 in Table 3 ). Even if the distribution is not bimodal, CANOVA can provide sufficient power if the two distributions have the same mean, but different variances. For example if the control group has a wider distribution (has lower peaks), then it will have thicker tail at the left and right side. This means that higher or lower expression induces protection from the disease, such as in UGT1A9 (Fig. 1) .
The only unique gene detected by the Distance method (also reported in Pubmed), IGF1R, is identified in Additional file 2. IGF1R was found to be indirectly associated with kidney cancer tumor growth [36] . Only one gene was detected by MIC (also reported in Pubmed), GIPC2. The GIPC2 gene was reported to be down-regulated in human primary kidney and colorectal tumors [37] . The only unique genes detected by the Pearson method (also reported in Pubmed) was EGR2. The up-regulated EGR2 was found to be involved in overexpressing human embryonic kidney cells, which is indirectly associated with Wilms' tumors [38] . The only unique gene detected by the Spearman method was COMT. The COMT polymorphism was reported to be associated with renal cell cancer [39] . Alternatively, the Hoeffding and Kendall methods did not detect any unique genes.
Discussion
CANOVA can be viewed as an extension of ANOVA for continuous variables. We define a neighborhood first and calculate the within neighborhood variance, which is analogous to ANOVA's within treatment variance. The proposed [40] is closely related to CANOVA, since both estimate the local residual. Thus, the statistical power would be expected to be similar. For instance, suppose we take a moving average of every K point and then compute the R 2 between the estimated regression function and the data. Under this condition, two issues would need to be considered: (1) when K is an even number, we need a special treatment of the regression expectation on each data point. (2) On the boundaries data points, some special treatment is required to calculate the unbiased regression expectation. K nearest neighbor (kNN) regression [41] is another type of local regression analogous to CANOVA. CANOVA uses a parameter K to define the neighborhood of data points, while kNN also uses a parameter K to define the nearest neighbor of each data point. CANOVA tests the fitness of the neighborhood model, which is similar to the kNN model. Since Pearson's correlation coefficient can be viewed as the model fitness test of a linear regression model, CANOVA can be viewed as an analogy of the model fitness test of the kNN model. Using CANOVA, we can conduct the permutation of one Y variable only and perform association tests against many (eg. 20,000) X variables quickly, as the neighborhood structure is independent with X variables. In the case of kNN, the neighborhood structure generated by each X variable is different; therefore, we have to perform a permutation test on every combination of X and Y, which may make kNN slower than CANOVA. Furthermore, CANOVA has the unique advantage of going directly independence testing rather than the unnecessary regression step. Since, we do not need to accurately estimate the regression function at the boundaries, our CANOVA is more theoretically simple and elegant. Based on the aforementioned reasons, we prefer the CANOVA style to local regression style.
The distribution of the W statistics is unknown to us. In the simplest case, where K ¼ 2; Y eN 0; 1 ð Þ and
2 we know that mean(W 2 ) = 2N − 2 and var(W 2 ) = 12N − 16 (calculated by Maple), where N is the sample size. Thus, W does not follow any familiar distribution. We had to use a permutation test to assess its significance level. It takes only several seconds for several hundred samples and 10 6 permutations on a desktop PC, equipped with an AMD FX-8320 CPU and 32GB memory. It can be seen from Table 2 that CANOVA is even faster than Pearson correlation when testing correlation between thousands of Fig. 1 The Scatterplot and probability density distribution of three gene expressions (FAH, MCM3 and UGT1A9) between kidney-cancer and normal groups features and one response variable Y. The faster speed is due to three reasons: (1) CANOVA is implemented in efficient C++ code, while the Pearson correlation is implemented in relatively slow R (2) CANOVA is paralleled and fully uses all CPU cores, which results in an 8X speed up on our AMD 8 core CPUs. (3) When testing 20,000 X variables against one Y variables, we only need to conduct one permutation test on the Y, and we then can reuse the permutation results for all X variables. Thus, the computational complexity is O(np+#Xnlog(n)), where p is the number of permutations, #X is the number of X variables and n is the sample size. This makes our framework potentially useful for big data.
CANOVA requires a parameter K before performing the test. It is the user's decision to pick a reasonable K. A larger K has more power on slow-varying functions, while a smaller K has more power on quick-oscillating functions depending on the data. Thus, the user needs some prior knowledge of the function being tested. An X-Y plot will be useful before testing. We suggest a choice of K = SampleSize/20. In practice, we first preset a significant level (0.05/feature numbers), we then use a grid search (such as K = (2, 20, 40, 80, 100, 200)) to choose the best K by their corresponding statistical power. On the other hand, one could also use other methods such as Pearson and MIC to get a better feel of a dataset and choose a reasonable K for CANOVA.
CANOVA and MIC can both be used to test nonlinear correlation; however, CANOVA has its own advantages. While MIC tests all types of non-random correlations, CANOVA tests the alterative hypothesis that "similar X values lead to similar Y values". Formally, CANOVA's hypothesis is Y ¼ f X ð Þ þ e; eeN 0; s ð Þ; s > 0 and f is a non-constant smooth function. If the relationship of X and Y can't be written as Y = f(X) then CANOVA may fail. For example, for a relationship X 2 + Y 2 = 1, CANOVA fails and MIC still works. The major purpose of CANOVA is to offer a test of independence. The maximal information coefficient is primarily a measure of effect size, and gives similar scores for relationships of similar strength regardless of relationship type [17] . Measures of effect size can be used to test for independence (using a null hypothesis of zero effect size), but the reverse is not true. Nevertheless, Justin B. Kinney & Gurinder S. Atwal indicate that MIC does not have the property of "equitability", and the reported simulation evidences contain artifacts [42] . However, Reshef et al. [43] and Murrell et al. [44] have called Kinney and Atwal's methodology into question. Their work led to the better understanding of equitability and MIC and allowed researchers in the area to move forward.
The CANOVA method is less powerful than the Pearson's correlation coefficient in the case of linear correlation. This can be viewed as a trade-off between the hypothesis space and statistical power. Pearson's correlation coefficient has a very narrow alternative hypothesis space (linear correlation), while CANOVA's alternative hypothesis is more general: Y ¼ f X ð Þ þ e; e e N 0; s ð Þ; s > 0. In practice, many correlations are linear or approximately linear, which makes Pearson, Spearman or Kendall correlation coefficient powerful.
The results of our kidney cancer correlation analysis identified that (Table 3 and Additional file 2), although CANOVA did not detect the largest number of significant unique genes, it found the largest number (three) of genes which were also identified as relevant to kidney cancer in the literature.
The results of three gene expressions distribution (FAH, MCM3 and UGT1A9) indicated that CANOVA could exactly detect the special non-linear relationships ( Fig. 1 and Table 3 ), which other methods could not easily find. These three genes were also reported to be involved in the kidney cancer development process in the literature [32] [33] [34] [35] [36] .
While each method has its own advantages, the results of different methods can often be correlated. Our simulation results indicate that using both linear correlation coefficient (Pearson, Spearman or Kendall) and non-linear correlation coefficient (CANOVA, MIC, Hoeffding, or Distance) could increase the odds of detecting real biological signals. To conclude, CANOVA appears to be efficient in testing nonlinear correlation and has its own advantages in real data applications.
